Superbubbles are shells in the interstellar medium produced by the simultaneous explosions of many supernova remnants. The solutions of the mathematical diffusion and of the Fourier expansion in 1D, 2D and 3D were deduced in order to describe the diffusion of nucleons from such structures. The mean number of visits in the the case of the Levy flights in 1D was computed with a Monte Carlo simulation. The diffusion of cosmic rays has its physical explanation in the relativistic Larmor gyro-radius which is energy dependent. The mathematical solution of the diffusion equation in 1D with variable diffusion coefficient was computed. Variable diffusion coefficient means magnetic field variable with the altitude from the Galactic plane. The analytical solutions allow us to calibrate the code that describes the Monte Carlo diffusion. The maximum energy that can be extracted from the superbubbles is deduced. The concentration of cosmic rays is a function of the distance from the nearest superbubble and the selected energy. The interaction of the cosmic rays on the target material allows us to trace the theoretical map of the diffuse Galactic continuum gamma-rays. The streaming of the cosmic rays from the Gould Belts that contains the sun at its internal was described by a Monte Carlo simulation. Ten new formulas are derived.
Introduction
The spatial diffusion of cosmic rays (CR) plays a relevant role in astrophysics due to the fact that the binary collisions between CR and interstellar medium are negligible, e.g. Refs. 1 and 2. In these last years a general consensus has been reached on the fact that particle acceleration in Supernova Remnants, in the following SNR, may provide CR at energies up to 3 10 15 eV and probability density function in energy p(E) ∝ E −2 . Some of methods for the numerical computation of the propagation of primary and secondary nucleons have been implemented. 4, 5 The previous efforts have covered the diffusion of CR from SNR 6-8 but the SNR are often concentrated in superbubbles (SB) that may reach up to 800 pc in altitude from the Galactic plane. The complex 3D structure of the SB represents the spatial coordinates where the CR are injected. We remember that the superbubbles are the likely source of at least a substantial fraction of GCR's; this can be shown from the analysis of the data from the Cosmic Ray Isotope Spectrometer (CRIS) aboard the Advanced Composition Explorer (ACE) and in particular the 22Ne/20Ne ratio at the cosmic-ray source using the measured 21Ne, 19F, and 17O abundances as "tracers" of secondary production. 9 Further on is known that about 75% of supernova occur in superbubbles, and about 88% of the cosmic-ray heavy particles are accelerated there because of the factor of 3 enhanced superbubble core metallicity.
10,11
In order to describe the propagation of CR from SB, in Sec. 2 we have developed the mathematical and Fourier solutions of the diffusion in the presence of the stationary state and the Monte Carlo simulations which allow us to solve the equation of the diffusion from a numerical point of view. The case of random walk with variable length of the step was analyzed in Subsec. 2.5. The physical nature of the diffusion as well as evaluations on transit times and spectral index are discussed in Sec. 3. The 3D diffusion with a fixed length of a step and injection points randomly chosen on the surface of the expanding SB was treated in Sec. 4.
Preliminaries
In this section the basic equations of transport are summarized, the rules that govern the Monte Carlo diffusion are setup and the various solutions of the mathematical and Fourier diffusion are introduced. The statistics of the visits to the sites in the theory of Levy flights and its connection with the regular random walk are analyzed. It is important to point out that the mathematical and Monte Carlo diffusion here considered cover the stationary situation.
Particle transport equations
The diffusion-loss equation as deduced in Ref. 12 (Eq. (20.1)) for light nuclei once the spallation phenomena are neglected has the form
where N i is the number density of nuclei of species i, ∇ 2 is the Laplacian operator, D is the scalar diffusion coefficient, When only protons are considered and the energy dependence is neglected Eq. (1) becomes ∂P (x, y, z, t) ∂t = D∇ 2 P (x, y, z, t) ,
where P is the probability density, see Ref. 13 (Eq. (12.34b) ). In this formulation the dependence for the mean square displacement R 2 (t) is, see Ref. 13 (Eq. (8.38) ), 
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where d is the spatial dimension considered. From Eq. (3), the diffusion coefficient is derived in the continuum
In the presence of discrete time steps on a 3D lattice the average square radius after N steps, see Ref. 13 (Eq. (12.5)), is
from which the diffusion coefficient is derived
If R 2 (N ) ∼ N , as in our lattice:
when the physical units are 1 and
when the step length of the walker is λ and the transport velocity v tr . Another useful law is Fick's second equation in three dimensions,
where the concentration C(x, y, z) is the number of particles per unit volume at the point (x, y, z). We now summarize how Fick's second equation transforms itself when the steady state is considered in the light of the three fundamental symmetries.
In the presence of spherical symmetry, Eq. (9) becomes
the circular symmetry (starting from the hollow cylinder) gives
and the point symmetry (diffusion from a plane) produces
in the case of constant D and
when D is a function of the distance or the concentration. 
Mathematical diffusion
The solutions of the mathematical diffusion are now derived in 3D, 2D and 1D with variable diffusion coefficient.
3D analytical solution
Consider a spherical shell source of radius b between a spherical absorber of radius a and a spherical absorber of radius c, see 
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The concentration rises from 0 at r = a to a maximum value C m at r = b and then falls again to 0 at r = c. The solution of Eq. (10) is
where A and B are determined from the boundary conditions,
and
These solutions can be found in Ref. 14 or in Ref. 15 . The second solution (Eq. (16)) can be applied to explain the 3D diffusion from a central point once the following connection between continuum and discrete random walk is made:
For example when NDIM 1 or
in other words, the concentration scales as an hyperbola with unity represented by the mean free path b. The 3D theoretical solution as well as the Monte Carlo simulation are reported in Fig. 2 .
2D analytical solution
The 2D solution is the same as the hollow cylinder. The general solution of Eq. (11) is
The boundary conditions give
The new 2D theoretical solution as well as the Monte Carlo simulation are reported in Fig. 3 . 
1D analytical solution
The 1D solution is the same as the diffusion through a plane sheet. The general solution of Eq. (12) is The boundary conditions give
The 1D theoretical solution as well as the Monte Carlo simulation are reported in Fig. 4 .
1D analytical solution with variable D
The diffusion coefficient D is assumed to be a function f of the distance
where D 0 is the value of D at the plane where the diffusion starts. On introducing the integral I defined as
the solution of Eq. (13) is found to be where C 1 , C 2 , I 1 and I 2 are the concentration and the integral respectively computed at r = r 1 and r = r 2 . 15, 16 For the sake of simplicity the diffusion coefficient is assumed to be
where a D is a coefficient that will be fixed in Subsec. 
Along a line perpendicular to the plane the concentration rises from 0 at r = a to a maximum value C m at r = b and then falls again to 0 at r = c. The variable diffusion coefficient is
The solution is found to be
The new 1D theoretical solution when the diffusion coefficient is variable is reported in Fig. 5 . Confront our Fig. 5 with Fig. 8 in Ref. 7 , where the density of primary CR is a function of the distance from the Galactic plane and different physical parameters.
Fourier series
In the case of restricted random walk the most straightforward way to compute the mean number of visits is via the solution of the Fokker-Planck equation, which in the case of simple, symmetric random walk equation reduces to the diffusion equation. 17 Given the dimension d, the random walk takes place on a finite domain 
exponentially, see Eq. (25) in Ref. 19 . The solutions particularized as a cuts along one axis are
These three new solutions are the Fourier counterpart of the solutions of the mathematical diffusion (24), (21) and (16) respectively. The comparison between solution in 3D with methods of eigenfunction expansion, mathematical diffusion and Monte Carlo simulation is carried out in Fig. 6 . 
Levy random walks in 1D
In the case of the Levy 20 random walk in 1D it should noted that δx, i.e. the single step, can be written as
where l > 0 is the length of the flight and ξ is a stochastic variable taking values 1 and −1 with equal probability. For the distribution of l chose
where 0 < α < ∞, and then
Let S α denote the average number of visits to a site obtained via a Monte Carlo simulation; when M α denotes the corresponding values given by the equation,
where
being 
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Once we calculate the constant in probability density function (PDF) (38) the Pareto distribution P is obtained:
where a ≤ l < ∞, a > 0, c > 0. The average value is
which is defined for c > 1, and the variance is
which is defined for c > 2. In our case the steps are comprised between 1 and l max and the following PDF, named Pareto truncated P T , has been used:
The average value of P T is
and the variance of P T is
This variance is new formula and is always defined for every value of α > 0; conversely the variance of the Pareto distribution can be defined only when α > 2. From a numerical point of view a discrete distribution of step's length is given by the following PDF:
and the set of lengths could be obtained through a numerical computation of the inverse function. 23 The interval of existence of the length-steps is comprised between 1 (the minimum length) and l max = NDIM that is number that characterizes the lattice. We can now examine how the impact of the Levy random walk influences the results of the simulations in 1D; in the following NTRIALS will represent the number of different trajectories implemented in the Monte Carlo simulations. The memory grid M (1) as a function of the distance from the center takes the curious triangular shape visible in Fig. 7 ; a theoretical explanation resides is the random walk in bounded domains. 21, 24 In that figure the theoretical solution (formula (25) in Ref. 19 when dimension d = 1) is also reported and the fit is satisfactory. In Fig. 7 we report the visitation grid as given by the presence of the Levy random walk once a certain value of α is chosen; is evident the effect of lowering the value of the visitation grid respect to the regular random walk. The effect of increasing the exponent α that regulates the lengths of the steps could be summarized in Fig. 8 in which we report the value of the memory grid M (1) at the center of the grid.
From the previous figure is also clear the transition from Brownian motion (α ≈ 2) to regular motion (α ≈ 10). 
Levy diffusion coefficient in 1D
The 1D diffusion coefficient in presence of Levy flights can be derived from analytical or numerical arguments that originate four different definitions summarized in Fig. 9 . Let the single displacement δx be defined by
where l > 0 is the length of the flight and ξ is a discrete random variable characterized by the following probabilities p(1) = +1 and p(2) = −1. The probability p(δx) of a single displacement δx is
This is the product of the probability p(ξ) = 1/2 to go at right or at left by the probability p(l) to make a step of length l. From δx = 0 and from the independence of the little steps follows
where x(n) is the walker's position at the time n (after n steps). From δx = 0 it follows
and due to the independence of the small steps, The connection with the diffusion coefficient is through the theoretical relationship
This formula can be compared with the well-known formula that can be found in the textbooks, see for example formula (12.5) in Ref. 13 . We should now compute σ 2 (δx). Since δx = 0 and ξ, l are random independent variables we have
Since ξ 2 = 1,
We can continue in two ways. (46):
and consequently, 
The second evaluation implements a typical Monte Carlo run on a lattice, see for example the data in Fig. 7 . Now R 2 is fixed and takes the value
in contrast with N , the number of iterations before to reach the two boundaries, that is different in each run. We therefore have
whereN is the average number of iterations necessary to reach the external boundary in each trial. Up to now in order to test the value of the diffusion coefficient we have fixed in one the minimum value that the step can take. We now explore the case in which the minimum length in PDF (46) 
or introducing the ratio r l = lmin lmax :
Energy Evaluations
In order to introduce the physical mean free path we should remember that an important reference quantity is the relativistic ions gyro-radius, ρ Z . Once the energy is expressed in 10 15 eV units (E 15 ), and the magnetic field in 10
we have
where Z is the atomic number. The solutions of the mathematical diffusion in presence of the steady state do not require the concept of mean free path. The solutions of the diffusion equation trough a Fourier expansion, Levy flights and Monte Carlo methods conversely require that the mean free path should be specified like a fraction of the size of the box in which the phenomena is analyzed. The presence of irregularities allows the diffusion of the charged particles. The mean free path λ sc , see for example Ref. 12, is
with Φ = B1 B0 where B 1 are B 0 are the strength of the random and mean magnetic field respectively. The type of adopted turbulence, weak or strong, the spectral index of the turbulence determine the exact correspondence between energy and mean free path. Some evaluations on the relativistic mean free path of cosmic rays and Larmor radius can be found in Refs. 12 and 25-27. The transport of cosmic rays with the length of the step equal to the relativistic ion gyro-radius is called Bohm diffusion 28 and the diffusion coefficient will be energy dependent. The assumption of the Bohm diffusion allows to fix a one-to-one correspondence between energy and length of the step of the random walk. The presence of a short wavelength drift instability in the case of quasi-perpendicular shocks drives the diffusion coefficient to the "Bohm" limit. 29, 30 The maximum energies that can be extracted from SNR and superbubbles are now introduced. The transit times in the halo of our galaxy are computed in the case of a fixed and variable magnetic field. The modification of the canonical energy probability density function, p(E) ∝ E −2 , due to an energy dependent diffusion coefficient is outlined. 
Maximum available energies
The maximum energy available in the accelerating regions is connected with their size, in the following ∆R and with the Bohm diffusion:
The most promising sites are the SNR as well as the supershell. In the case of SNR, the analytical solution for the radius can be found in Ref. 31 (Eq. (10.27)):
where ρ 0 is the density of the surrounding medium supposed to be constant, E expl is the energy of the explosion, and t SNR is the age of the SNR. Equation (68) 
This new formula is in agreement with more detailed evaluations.
32
The supershells have been observed as expanding shells, or holes, in the HIcolumn density distribution of our galaxy. 33 The dimensions of these objects span from 100 pc to 1700 pc and often present elliptical shapes or elongated features, that can be explained as an expansion in a nonhomogeneous medium. 34 An explanation of the supershell is obtained from the theory of the superbubbles, in the following SB, whose radius is
where t is the considered time, R SN is the rate of supernova explosions, and E 0 the energy of each supernova; this equation should be considered valid only if the altitude of the OB associations from the Galactic, z OB = 0, is zero, and only for propagation along the Galactic plane. When the astrophysical units are adopted the following is found: 
Once the typical parameters of GSH 238 are inserted in Eq. (73) we obtain E max,sb 15 = 323.6 H −6 Z. The exact value of the magnetic field in the expanding layer of the SB is still subject of research, the interval H −6 ∈ {1, . . . , 200} being generally accepted. 35 The interested reader can compare our Eq. (73) with Eq. (15) in Ref. 35 .
Transit times
The absence of the isotope 10 Be, which has a characteristic lifetime τ r = 0.39 × 10 7 yr, implies the following inequality on τ , the mean cosmic ray residence time,
Given a box of side L with a proton inserted at the center, the classical time of crossing the box t c is
Once the pc and yr units are chosen, c = 0.306
where L 1 is the side of the box expressed in 1 pc units. When the side of the box is L 1 = 800, t c ≈ 1304 yr, and t c τ r , we should discard the diffusion of the cosmic rays through the ballistic model.
We now analyze firstly the case in which the value of the diffusion coefficient is constant and secondly the case in which the diffusion coefficient is variable.
Transit times when D is fixed
From Eqs. (3) and (8) we easily find the time t necessary to travel the distance R:
where v tr = c tr c. We continue inserting R = L 2 , L = L 1 pc and t = t 1 × 10 7 yr, 
The effect of the Levy flights is to increase the value of the transit times. Is interesting to realize that, in this astrophysical form of the Levy flights, the steps with transport velocity greater than the light velocity are avoided. Assuming equipartition between thermal pressure and magnetic pressure, the magnetic field B 0 at the Galactic plane turns out to be
Transit times when D is variable
The behavior of the magnetic field with the Galactic height z in pc is assumed to vary as with D 0 defined in Subsec. 2.3.4 through the Bohm diffusion,
In order to see how the presence of a variable diffusion coefficient modifies the transit times given by Eq. (78) we performed the following Monte Carlo simulation. The 1D random walk has now the length of the step function of the distance from the origin. In order to mimic Eq. (28) the step has length
Typical behavior of the influence of the variable D on transit times has been reported in Fig. 11 . It is clear that an increasing D (a decreasing B) lowers the transit times; a rough evaluation predicts that transit times decrease ∝ D(400 pc)/D(0).
The spectral index
At present the observed differential spectrum of cosmic rays scale as E −2.75 in the interval 10 10 eV − 5.0 × 10 15 eV and after 5 × 10 15 eV as E −3.07 .
Up to now the more interesting result on the prediction of the spectral index resulting from particle acceleration in shocks, i.e. SNR or SB, is due to Refs. 37, 38 and 12.
The predicted differential energy spectrum of the high energy protons is
This is the spectral index where the protons are accelerated; i.e. the region that has size ≈ the spectral index changes. The first assumption is that the transport occurs at lengths of the order of magnitude of the gyro-radius, the previously introduced Bohm diffusion. Two methods are now suggested for the modification of the original index as due to the diffusion: one deals with the concept of advancing segment/circle or sphere and the second one is connected with the asymptotic behavior of the 3D concentration.
Index from the diffusion coefficient
On considering a diffusion function of the dimensionality d (see formula (3)), the square of the distances in presence of Bohm diffusion will bē
Let us consider two energies E 15,1 and E 15,2 with two corresponding numbers of protons (Z = 1), N 1 and N 2 . We have two expressions for the two advancing spheres (d = 3) characterized by radius R 1 (E 15,1 ) and R 2 (E 15,2 ). The ratio of the two densities per unit volume, N 2,1 , gives the differential spectrum
But in the source
and therefore
when the concentration is function of d. This new demonstration simply deals with the concept of advancing segment/circle or sphere.
Index from the 3D concentration
Starting from the asymptotic behavior of the 3D concentration, formula (18) the ratio of the two energy concentrations is possible to derive a new formula 
CR Diffusion in the SB Environment
Once equipped to calculate the spatial diffusion and temporal evolution of the CR attention now moves to the 3D evolution of CR once they have been accelerated in the advancing layer of supershells.
SB
The supershells have been observed as expanding shells, or holes, in the HI-column density distribution of our galaxy and the dimensions of these objects span from 100 pc to 1700 pc. 39 The elongated shape of these structures is explained through introducing theoretical objects named superbubble (SB); these are created by mechanical energy input from stars.
40,41,31
The evolution of the SB's in the ISM can be followed once the following parameters are introduced t age , the age of the SB in yr, ∆t, the time step to be inserted in the differential equations, t burst , the time after which the bursting phenomena stops, N * , which is the number of SN explosions in 5.0 × 10 7 yr. An analytical solution of the advancing radius as a function of time can be found 31 when the ISM has constant density. The basic equation that governs the evolution of the SB 31,42 is momentum conservation applied to a pyramidal section, characterized by a solid angle, ∆Ω j :
where ∆Ω j is the solid angle along a given direction and the mass is confined into a thin shell with mass ∆M j . The subscript j indicates that this is not a spherically symmetric system. In our case the density is given by the sum of three exponentials
where z is the distance from the Galactic plane in pc, n 1 = 0.395 particles cm −3 , H 1 = 127 pc, n 2 = 0.107 particles cm −3 , H 2 = 318 pc, n 3 = 0.064 particles cm −3 , and H 3 = 403 pc and this requires that the differential equations should be solved along a given number of directions each denoted by j. By varying the basic parameters, which are the bursting time and the lifetime of the source characteristic structures such as hourglass-shapes, vertical walls and V-shapes, can be obtained. The SB are then disposed on a spiral structure as given by the percolation theory and the details can be found in Ref. 34 . The influence of the Galactic rotation on the results can be be obtained by introducing the law of the Galactic rotation as given by
0.382
where R 0 is the radial distance from the center of the Galaxy expressed in pc. The original circular shape of the superbubble at z = 0 transforms in an ellipse through the following transformation T r :
where y is expressed in pc and t in 10 7 yr units. 34 In the same way the effect of the shear velocity as function of the distance y from the center of the expansion, V shift (y) can be easily obtained on Taylor expanding Eq. (93):
This is the amount of the shear velocity function of y but directed toward x in a framework in which the velocity at the center of the expansion is zero and is new.
Monte Carlo diffusion of CR from SB
The diffusing algorithm here adopted is the 3D random walk from many injection points (in the following IP), disposed on N SB superbubbles. In this case a time dependent situation is explored; this is because the diffusion from the sources cannot be greater than the lifetime of SB. The rules are as follows.
(1) The first of N SB SB is chosen.
(2) The IP are generated on the surface of each SB. (3) The 3D random walk starts from each IP with a fixed length of a step. The number of visits is recorded on a 3D grid M. (4) After a given number of iteration, ITMAX, the process restarts from (3) taking into account another IP. (5) After the diffusion from the n SB, the process restarts from (1) and the (n + 1) SB is considered.
The spatial displacement of the 3D grid M(i, j, k) can be visualized through the ISO-density contours. In order to do so, the maximum value M(i, j, k) max and the minimum value M(i, j, k) min should be extracted from the three-dimensional grid. A value of the visitation or concentration grid can then be fixed by using the following equation:
where coef is a parameter comprised between 0 and 1. This isosurface rendering is reported in Fig. 12 ; the Euler angles characterizing the point of view of the observer are also reported.
From the previous figure it is possible to see a progressive intersection of the contributions from different superbubbles: once we decrease ITMAX, the spiral structure of spatial distribution of SB is more evident, see Fig. 13 . The results can also be visualized through a 2D grid representing the concentration of CR along the Galactic plane x − y, see Fig. 14, or 1D cut, see Fig. 15 .
From this figure the contribution from the SB belonging to the arms is clear; this profile should be a flat line when the mathematical diffusion is considered. Another interesting case is the cut along the Galactic height z, see Fig. 16 . From which the irregularities coming from the position of the SB on the arms are visible; this profile should have a triangular shape when the 1D mathematical diffusion from the Galactic plane is considered. 
The gamma emission from the Galactic plane
The cosmic rays with an energy range 44,45 0.1 GeV < E < 410 5 GeV can produce gamma ray emission (30 MeV < E < 30 GeV) from the interaction with the target material. 45, 44, 46 The gamma ray emissivity will therefore be proportional to the concentration of CR. A typical map of γ-emission from the Galactic plane is visualized in Fig. 17 , where the additive property of the intensity of radiation along the line of sight is The observations with EGRET 46 provide cuts in the intensity of radiation that can be interpreted in the framework of the random walk. We therefore report in Fig. 19 the behavior of the intensity of the gamma ray emission proportional to concentration of CR when the distance from the Galactic plane is expressed in Galactic latitude; in the figure the stars represent the plot (30 
Conclusions
We have studied the propagation of CR with the aid of mathematical diffusion in 1D, 2D and 3D. Due to the nature of the problem, diffusion from the Galactic plane, the first results can be obtained in 1D. The 1D diffusion has also been analyzed in the case of a variable diffusion coefficient: which in our astrophysical case consists in a magnetic field function of the altitude z from the Galactic plane. These analytical results allow to test the Monte Carlo diffusion. The physical explanation is the diffusion through the Larmor radius which means that the diffusion coefficient depends on energy. The calculation of the transit times of CR explains the absence of the isotope 10 Be. Further on the theoretical and Monte Carlo setup of the Levy flights allows to increase the applications of the random walk. For example from an observed profile of CR function of distance from the Galactic plane is possible to evaluate the concavity: the 1D Levy flights predict profiles concave up and the 1D regular random walk predicts no concavity. The observations with EGRET in the gamma range, see Fig. 3 in Ref. 46 , provide profiles that are concave up and therefore the Levy flights with the shape regulating parameter α can be an explanation of the observed profiles, see Fig. 7 . The CR diffusion in a superbubble environment is then performed by evaluating the maximum energies that can be extracted (≈ 10 17 eV) and performing a Monte
Carlo simulation of the propagation of CR from SB disposed on a spiral-arm network. According to the numerical results, the concentration of CR depends on the distance from the nearest SB and from the chosen energy.
This fact favors the local origin of CR 49 that comes out from an analysis of the results of KASCADE data. 50 From an astrophysical point of view, local origin means to model the diffusion from the nearest SNR or SB. Like a practical example we now explore the case of the Gould Belt, the nearest SB, which has an average distance of 300 ≈ pc from us. The concentration of CR at the source of this SB is, according to formula (18) :
where C(300) is the measured concentration on Earth at the given energy. It is interesting to point out that the crossing time (25 My ago) of the expanding Gould Belt with the Earth with a consequent increases in the concentration of CR can explain one event of the fossil diversity cycle that has a periodicity of 62 My.
51
The gamma-ray emissivity is different in the various regions of the galaxy, 52 and in order to explain this fact the theoretical map of gamma-ray from the Galactic plane has been produced. CR with energies greater than 10 18 eV, Ultra-High Energy, are thought to be of extragalactic origin 27,53-57 and therefore the diffusion from extragalactic sources through the intergalactic medium is demanded to a future investigation.
